Solution to Assignment 1, MMAT5520

by YU, Rongfeng

Exercise 1.1:

1(a) y +y=4e3.

2(c) (22 +4)y' + 3zy = 3z; y(0) = 3.

Soution:

1(a) Multiplying e on both sides of the equation

d
exﬁ +e%y = 4e'7
d
L) = et
ey = 4/e4md:n,
x _ 4x
ey = e +C,

y = 4 Ce
2(c) Dividing both sides by 22 + 4, the equation becomes

@4_ 3z 3
dz w2+4y_x2+4'

3
2

Now, we multiply both sides by (2 4+ 4)2 and get

d
(wQ +4)%£ + 31‘(3}2 —|—4)éy = 3x(:v2 +4)%,

N

Lty = B+ 3,

e

(2 +4)2y = /31‘(1‘2+4)éd$,
= @ +4)2 40,

Yy
y = 1+C(a?+4) 2.

e

(2* +4)

Since y(0) = 3,C = 16. Thus

y=1+16(x* +4)" 2.

[N

Exercise 1.2:

2(a) zy —y=22%y; y(1)=1.
Soution:



y = (z+az7 Ny,

d

R (2z + 2~ )dx,

Y

d

Zy = /(Q:U + 27 )dz,
Iny = 2?+Inz+C,

y = C’merz, C=e".

Since y(1) = 1,C = e~!. Thus
y=aze” 1

Exercise 1.3: Find the value of k so that the equation is exact and solve it:
2(c) (2zy® + 32?)dx + (22%y + 4y3)dy = 0.
Soution: The equation is exact provided

0 0
8y(29cy2 +32%) = %(%ky + 49%),
4oy = 2kyxt,
k = 2.
Set
F(z,y) = /(2581/2 +32%)dx = 2*y* + 2° + g(y).
We want
F
Jy
20% +¢'(y) = 227y +4y°,
g = 4°

Therefore we may choose g(y) = y* and the solution is

22y 4+ 23 4yt = 0.

Exercise 1.4:
1(e) 2%y = xy+ y>.
Soution: Rewriting the equation as



Let u = £, we have

du 9
U+r— = u-+u-,
dx
du 9
za = u-,
du  dx
w2 oz
/u 2du = /x_lda:,
—u ! = Injz|+C,
—= = Injz|+C,
Yy
x
= —— =0.
4 In|z|+C oy
Exercise 1.5:
1(c) zy = y(a?y —1).
Soution: Let v = y'=2 =y, then
du_ ady o Y@y 1)
dx dx x ’
du 1 1 u
——=—T+T Y = —z+ -,
dx x
du u
——— = —=.
de

Multiplying both sides by ! gives

x—1dj -2

_ - 1
1p T U ,
d 1
(e~ - 1
L) = -,
Ty o= —x+C,
—z% 4 Cr.
Hence 1
Y= Co—a Y=Y

Exercise 1.6: Solve the differential equation by using the given substitution.

1(b) ¥ =Vr+y, u=x+y.



Soution: Let u = x 4 y, then

du dy
- 1422
dz +d:p’
e 3
dx
du
= d
1+ Vu “

2vu—2In(1++vu) = z+C,
2z +y—2In(l+vaz+y) = z+C.

Exercise 1.7:
(a) yy"+ (y)* =0.
2
2

ob) o = LY

x
2(d) zy' + 2y = 622 /y.
Soution:
1(a) The equation reads

.
- — 0
7 Wy) ,
yy = Cu,
ydy = Cidr,
/ydy = /Cld:):,
L,
Qv = Cirx + Cy
2(b) Rewriting the equation as
v -2z ly =z
Multiplying both sides by z=2 gives
d
:L'_2£ —2x %y = 33_1,
d B _ _
%(Z’ Zy) = T 17
%y = In|z|+C,

= 2%In|z| + Ca2?
2(d) Let u = /y, then we have

du 1 dy 62%u — 2u? 1

= < = =3xr—x "u.
der  2\/ydx 2ux o
d
ﬁ—l—w’lu:?)x.



Multiplying both sides by x leads

x% +u = 33:2,
%(xu) = 322
u = 22+ C,
v = 2>+ Cx L

Therefore we have
y= (2 +Cz™1)? or y=0.



